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ABSTRACT — In this article, we discuss the crucial subject
of stability analysis of RFID tag detectors under Schottky
diodes internal time delay elements. The Schottky diode
detector demodulates the signal and sends the data on to

the digital circuit of the TAG; this is the so-called wake . . .

up” signal. A simple RFID TAG receiver block diagram
includes input antenna signal with series resistance,
inductor (choke), Schottky diode, and output capacitor.
Due to the Schottky parasitic delay, there is a stability
issue in analyzing detector operation. We define 71, 75
as delays in time respectively for a Schottky equivalent
circuit. We first consider those two delays in time that
are not equal (71#72)then the other three cases 7i=7
and 7o =0, 7o=7 and 71 = 0, 71=7 and 79=7. The RFID
receiver detector time delay equivalent circuit can be
represent as delayed differential equations that depend
on variable parameters and delays. The article illustrates
certain observations, and analyzes local bifurcations of an
appropriate arbitrary scalar delayed differential equation.
All of that for optimization of an RFID receiver detector
equivalent circuit parameters analysis to get the best
performance.

Index Terms: RFID video receiver, Schottky diode, Delay
Differential Equations (DDE), Stability, Bifurcation, Or-
bit.

I. INTRODUCTION

In this article, we discuss the crucial and useful subject of
stability analysis of RFID tag detectors under Schottky diodes
internal time delay elements. In RFID systems, the reader or
interrogator sends a modulated RF signal that is received by
the TAG. The Schottky diode detector demodulates the signal
and sends the data on to the digital circuits of the TAG. The
reader stops sending modulated data and illuminates the TAG
with continuous wave (CW) or an un-modulated signal. The
TAG’s FSK encoder and switch driver, switch the load placed
on the TAG’s antenna from one state to another, causing the
radar cross section of the TAG to be changed. For incoming
RF small signal from the RFID reader to the TAG, we can
use Schottky diode which represented by a linear equivalent
circuit. Rj is the junction resistance (Rv or video resistance)
of the diode, where RF power is converted into video voltage
output. For maximum output, all the incoming RF voltage
should ideally appear across Rj. Cj is the junction capacitance

DOI: 10.14738/tnc.36.1653
Publication Date: 17st December 2015
URL: http://dx.doi.org/10.14738/tnc.36.1653

Schottky diode
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Fig. 1. RFID TAG receiver detector equivalent circuit.

of the diode chip itself. It is a parasitic element which shorts
out the junction resistance, shunting RF energy to the series
resistance Rs. Rs is a parasitic resistance representing losses
in the diode’s bond wire, the bulk silicon at the base of
the chip and other loss mechanisms. RF voltage appearing
across Rs results in power lost as heat. Lp and Cp are
package parasitic inductance and capacitance, respectively.
The package parasitic inductance Lp has a parasitic delay
element in time (71). The resistance losses in the diode’s
bond wire have a parasitic delay element in time (72). V(t)
represents the RFID tag antenna voltage in time, incoming RF
small signal from RFID reader [1] [2]. We consider ideal delay
lines (TAU1, TAU2).
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II. RFID TAG RECEIVER DETECTOR EQUIVALENT CIRCUIT
DIFFERENTIAL EQUATIONS AND FIXED POINTS
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We have five variables in our system: X,Y, I, IRr,,Ir, and
we can represent our system as the following set of differential
equations matrix representation.
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We can present our matrix representation: ¢ — 0. Due to
parasitic delay elements in Schottky equivalent circuit, 7, for
the current flow through Schottky diode’s package parasitic
inductance (L p) and 75 for the current flow through Schottky
diode’s parasitic resistance (Rg), we get the following trans-
formation [3] [4].
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and X(t) = dILP( ) ILl( ); Ir, (t). We consider no delay effects
onﬂ = Yp.
- dt

the RFID tag detector, we define
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We get five equations:
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By mathematic manipulation, we get the following two equa-
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We can summery our system fixed points in the next tables:
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Table. 1a. RFID tag receiver detector system fixed points.

Fixed point

cqordipaies, | VOlavsiswn = Ao+ f(B) = Ao
Izla—rfzjvf;%s) #|Ao>>\f(t)\ = f() — €

X* 0
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IZI *ClAO[R .Cp + Q]

Ik, Aol

Tre Aol g + Cilgnes + 03

Table. 1b. RFID tag receiver detector system fixed points.
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ITI. RFID TAG RECEIVER DETECTOR STABILITY ANALYSIS
UNDER DELAY VARIABLES IN TIME

We can check our RFID tag receiver detector system
stability for the following cases.

(A =7;12=0B)11=012=7(C)1y =12 =7 (81)

Stability analysis: The standard local stability analysis about
any one of the equilibrium points of the RFID tag detector
system consists in adding to coordinate [X,Y, Iy, Ir;, Irs]
arbitrarily small increments of exponential form
[%,9,iL,,iR,,ir.]e™ and retaining the first order terms in
X,Y, I, ,IR;,Irs. The system of five homogeneous
equations leads to a polynomial characteristic equation in the
eigenvalues. The polynomial characteristic equations accept
by set the below currents and currents derivative with respect
to time into RFID tag detector system equations. RFID tag
detector system fixed values with arbitrarily small increments
of exponential form [x,y,iLl,iRj,iRs]eM are: 7 = 0 (first
fixed point), 7 = 1 (second fixed point), 7 = 2 (third fixed
point), etc.

X(t) = XD 4 zer;Y(t) = YU 4 yett

Y(t—7)=Y0) fyerl-m) (82)
I, (t) = If) i, e
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IRs(t — 7'2) = Iy, + Z‘Rsek(t_m)

We choose these expressions for ourselves
X(t),Y(t),IL,(t),Ig,(t),Irs(t) as a small displacement
[%,y,iL,,%R;,Rs] from the RFID tag detector system fixed
points in time ¢ = 0.

y ) 84
ILl(tZO):I£J1)+ZL1;IRJ.(t:0):Igj)+ZR] (84)
Ins(t=0) =13 +ig, (85)

For A < 0,¢ > 0 the selected fixed point is stable otherwise
A > 0,t > 0 is unstable. Our system tends to the selected
fixed point exponentially for A < 0,¢ > 0 otherwise go away
from the selected fixed point exponentially. Eigenvalue A
parameter is established if the fixed point is stable or
unstable; additionally, his absolute value |A| establishes the
speed of flow toward or away from the selected fixed point
(Yuri, 1995; Jack and Huseyin, 1991) [5] [6]. The speeds of
flow toward or away from the selected fixed point for
Schottky detector system currents and currents derivatives
with respect to time are as follow.
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First, we take Schottky detector variable X, Y, Iy, IR, IR,
differential equations and adding to coordinate

[X,Y,IL,, Ig;, Ir,] arbitrarily small increments of
exponential terms [x,y,ir,,iR;,1 r.]e™ and retaining the

first order terms in x,y,4r,,ir;,ir, (V () = & d‘;it) —€)
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We can see that our fixed point is a saddle node. We define
Y(t—m1) = YO 4yer - T (t—1) = 1Y) +ig e )
then we get five delayed differential equations with respect to
coordinates [X,Y, Ir , IRr;, Ir,] arbitrarily small increments

of exponential[z, y,ir,, iR, ir,]e*. We consider no delay
dy (t) . dlrg(t)
at 0 dt

effects on . We get the following equations:
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Table. 2a. RFID tag receiver detector system variables for negative

eigenvalue (A < 0).

Time

IRJ t) €M|t
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Table. 2b. RFID tag receiver detector system variables for negative

eigenvalue (A > 0).
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)\iRs A — RsCP Y() + y 1 )\(t_ﬁ)
)
+Rsc I(] iR, e JR{S) e +&) A1)
'LRS = (C’lp 4 Cl]) )\(t T2)
)\iRs M= RSCPY(]) Rslc Il(Qj)
I ) e g
—H’Rj Rlej e — iRS Rls (C}P + Cj) A(t ™)

At fixed point:
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1 1 1

Y I -1 = (4 + =) =0 (117
RsCp RSC R ep T cj) ain
—irseMA + (g + -) N (118)
+y RSICP e)\(tiﬁ) + ZRj RSCJ M =0
We can summarize our last results:
2
I[?)\ * Rm] + y[LlLP C11Lp - CPlLP]e_AT1 (119)
Foin, FirRsgnpme " =02 = Ay =0
Rin —AT1 Rzn
—y—-u=e Tt — — 4+ A =0 120
y L1 1[ L1 + } ( )
ir, [N+ 1 B L 0 (121)
BT CRy T OB, B
1 — AT
Yrscr € h JrZRJ Rsc (122)

—ips [N+ s (Clp + %j)e_AT2] =0

The small increments Jacobian of our RFID Schotky detector
system is as follows:

x
Ty Ty5 y
z Cf] e | =0
T51 T55 zRJ (123)
1Rs
T =
_ [ R 1 1 —AT
T12 - [Lle - ClLP o C'PLP]e '
Tis = 75 T = 0,15 = gipe (124)
Yo =1;To0 = —A; T3 ="Tog =To5 =0
Yoy =0 Tgp = e ™Moy = = =X o
T34 =0;T35 =0Ty =Tyo="y3=0
_ — AT
T44 - _C R )\ T45 C R € 2 (126)
Ts51 = 0; T52 Frer i T53 =0
1 1 1 1
YToy=—; Vo5 =——(—+ —)e M2 — X (127
54 RsC;’ 55 RS(CP+Cj)e (127)
Ty Ti5
|A—\| = : : ;det|A— ATl =0 (128)
Ts1 Tss
We define for simplicity the following parameters:
— _Rin. . _ R, 1 1
o1 = _%P 102 = LILP T CiLp ; CpLp (129)
03 = [,Lp1 04 = CPLP 95 =~ 7L,
1 . — 1
06 = C,R; 97T = RsCp 98 = RsC, (130)

. _am. . _
Tii=01—XNTia=00e""T13=03;T14=0

Y15 =046 22 Toy = 1; Voo = —A (131)
Yoz =Tos =To5 =0
Ts1 =0; Y50 =05 ™ Ta3 =05 — \; T3q =0 (132)
T35 =0; Ty = Yyo =Ty3=0

Yy1=—06—A; Las = 06 V2,151 =0

Y52 = o7e 2™ Va3 = 0; T4 = 03 (133)

Y55 = 0'967>\T2 -A

We need to find D(7y, 72) for the following cases: (A)
T1=7T;79a=0B) 71 =0;7%=7(C) 71 =79 = 7. We need
to get characteristics equations for all above stability analysis
cases. We study the occurrence of any possible stability
switching, resulting from the increase of the value of the
time delays 71, 7o for the general characteristic equation
D(7y,72). If we choose T as a parameter, then the
expression:

DAT) =P\ 7T) + QA T)e "
(134)
n,m &€ No;n >m
Ti1 ... Y5
det = (o1 = A)(=XN)
Ts; -+ Tss
05 A 0 0
det 0 (o6 +A) gee AT
0 og (0’967)\72 — )\)
o5 — A 0 0
—09e A1 det 0 (o6 +A) ogge T2
0 o8 (oge™AT2 — ))
o5 AT 0 0
+o3{det 0 (06 +A) ope AT
0'76_)“rl os (0'96_)‘T2 — )\)
0 0 0
+Adet 0 (0’6 + )\) (766_>‘T2 }
0 og (0’967)\72 — )\)
o5 g5 — A 0
+o4e” 2 {det 0 0 (o6 + )
gre AT 0 os
0 05 — A 0
+Adet [ O 0 —(o6+A) |}
0 0 g8
(135)
0 0 0
det 0 —(0'6 + )\) 0667)‘7—2 =0
0 og (0_967)\72 — )\)
0 o5—A 0 (136)
det 0 0 —(o6 + N) =0
0 0 g8

We get the following expression:
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Tll .. T15 g5 — )\ 0 0
_ — AT
det| i == e R S (142)
Ts51 Tss5 s st oo 2 I
a = PIA + 12X = N 4 {3 + Aihy + Ao e 72
o5 — A 0 0
det 0 —(06 + ) ge T Second expression:
0 o3 (gge™™2 — )\)
o5 — A 0 0
—09e 1 det 0 —(o6 + ) oge 2 o5e AT 0 0
0 o3 (gge=>72 — \) det 0 —(06 + A) oge” "2 (143)
o5e M1 0 0 o7e A o8 (oge™AT2 — \)
+o3det 0 —(06 + )\) 0'667/\72
7}\7’1 7)\7’2 _ )\
o7e L (o9e ) s 0 0
ose o5 — A 0 d 0 A .
+o4e” " det 0 0 —(os+A) ot 0 —los ) oe
gre A0 o3 ore I8 (79e™™ =)
(137) e rmget( (@6t oge
First expression: \ o8 \ (096”2 = X) \
= og5e " {— (06 + A)(09e™ "2 — \) — ogoge” "2}
= 0'567)\7—1{—0'60967>\T2 + g\ — )\0’967)‘7—2
o5 — A 0 0 +A2 — ogoge "2}
det 0 —(o6 + ) oge T2 = 05 {06\ + A2 — [0609 + 05306 + Adgle 72}
0 os (oge™2™ S A) = (oA + A\ ose Nt — g5[o609 + 0806 + Aagle A2t
= (05 — A)de ~(o6 +4) oge " 5 = 0609 + 080
o3 (oge™AT2 — \) (144)
(05 — )\){ (0'6 + )\)(0967)\7—2 — A) — 080667)‘7—2}
= (05 — N {—0609e™ 72 + 06\ — Aoge A" Cam
+A2 — ogoge 2} = (05 — M) {oeA + N2 gs¢€ 0 9)\72
—[o609 + 0506 + Aogle T} det 0~ —los+A) e (145)
(138) ore” os (oge™™2 — A)
= (06X + A ose " — 0515 + Aogle M2t
05 — A 0 0 Third expression:
det 0 —(o6 + ) oge T
0 os (0ge™2™2 — \) e
—(o6 + ) oge 2 o5e A (05 = A) 0
= (05 — ) det Y det 0 0 —(o6+ A)
o (o0 - ) S
= (05— N){~(06 + N(aae™™ — 1) — o5 ) T Ny
= (05 — )\){ Og09€ AT + ogA — )\0967)‘7—2 = 0567>\T1 det < 0 _(06 + )
A2 — ogoge ) . o \
= (05 — M {06\ + A — [0609 + 0806 + Aogle ™} —(05 — \) det - —(o6+A)
— 2 —Ara ore” " o8 (146)
= 0506\ + 05\ — 05[0609 + 0806 + Aogle 0 oo+ V)
—06 A2 — A3 + Aogog + 05306 + Aagle 72 —(o5 — A\) det o 76 )
= 0506)\+0'5/\2 — [0'50'60'9—1-0'50'80'6 A\ _)\7_10.76 A I8
+A0500]e A2 — a6 A2 — A3 + [\(0609 + 0806) —(o5 = Aaze (KG —:\ﬁ)
FA209]e 2 = o506A + (05 — 0)A2 — A3 —(05 — N)or(os + Ne o
= 07( 0506 — 05\ + Aog + A%)e "1
+{—0506(09 + 08) + A(0609 + 0806 2\ _—am
_0_50_9) + )\20'9}67/\72 0'7(70'50'6 + )\[0'6 — 0'5] + A )6
(139)
We define for simplicity: U1 = 050¢; 9 = 05 — 06 = —2 = 06 — 05 (147)
Y1 = 0506, Y2 = 05 — 06593 = —0506(09 +03)  (140) o5e A (05 — A) 0
det 0 0 (o6 +A)
076_)‘7—1 0 og (148)
Yy = 0609 + 0806 — 0509 (141) = o7(—t1 — Mp2 + A2)e AT

Then we define

We integrate our expression in below D(7y,72) expression.
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Tll Ce T15
det Lo = (01 — A)(=X)
Ts1 -+ Tss
05 — A 0 0
det 0 —(o6 + A) oee AT
0 o (0'967)\7—2 — )\)
o5 — A 0 0
—09e A1 det 0 —(o6 + A) oge T2
0 os (gge™™2 — ))
o5e” AT 0 0
+o3det 0 —(o6+ ) oee N
ore AT os (cge™ 72 — ))
AT o5 — A 0
+ose 2 det 0 0 —(o6+ )

e AT 0 os
(149)

Tll A T15
det = (0’1 —)\)(—A)[lﬂl)\+1/)2>\2
Ts1 - Tss
=3+ {93 + My + Nogte 2] — ope A [ih A
-H/JQ)\Z — A3+ {1/}3 + A\py + )\20'9}67)‘7—2}
+03[(g6A + A2)ose™
—0o5[ths + AagleMm2HT1)]

+01e7 2 (o7 (=1 — Ahg + A2)e A1)
(150)

Tll e T15
det = 1/)1)\3 + ’(/J2>\4 — A0
Ts1 -+ Tss
+{13A? + A3ty + Xogte ™2 — oy1hy A2
—0112 N + o A + { =013\ — 1PN
—0'10'9)\3}6_)‘T2 — (1#1)\ + 1/J2/\2 — )\3)0'28_>\71
—02{13 + Ay + A2og e A mFT)
+(0306\ + 03A2) 0567
—0305 [1/)5 + )\O’g}éiA(ﬁ%le) + (—’(/)10'40'7
—\pyos07 + )\2040'7)67)‘(Tl+72)

(151)

Tii ... Y5

det = ()\2—0'1>\)[1/)1)\+’LZJ2>\2
Ts1 -+ Tss

=23+ {h3 + My + N2og e 2]

—[(w1>\ + ’(/)2/\2 — )\S)OQB_M—l

+o2{t3 + My + )\209}67)‘(714“72)]

+03(0'6/\ =+ A2)O'567)\T1 — 0'30'5[1/)5 —+ )\Og]eiA(TerTl)

+(—10407 — Mpacaor + N2oyor)e MTET2)
(152)

Ti1 ... Yyp
det = 7(711,[)1)\2
Ts1 - Tss
+(th1 — 0192) A3 + (ho + o)At = N°
— (1A + 12X — A3)gge A
+(0306\ + 03A2)o5e AT
+H{3A2 + A3ehy + Aogte ™
+H{—0193\ — 01Y4A* — g1og A3 e A2
—02 {15 + MYy + N2og e ATiHT2)
—0307% [¢5 + /\0’9]6_>‘(72+T1)
+(=1p10407 — Mpaoao7 + N2o407)e NTHT2)

(153)

Ti1 ... Y5

det RV = =011 A% + (1 — o1) NP
Ts1 - Tss

+(’¢2 + 0'1))\4 —\° + (—’11)10'2)\ — 1[)20’2)\2 + 02)\3)67»'—1

+(030’60'5>\ + 030'5A2)€7)\T1

+{1/)3)\2 + /\31,04 + )\40'9}67)‘7—2

—‘r{—0'1’¢3/\ — 0'11/)4/\2 — 0’10'9)\3}6_>\72

+{ 0213 — Aoaths — N2oaog e MtT2)

+[—03055 — Aogosogle M)

+(=10407 — Mpoo407 + N20407)e NT+T2)

(154)
T ... Yis
det T = —o1 1 A + (b1 — o19P2) N3
Ts1 -+ Tss
“F(T/JQ + 0‘1))\4 -\ 4+ {(0‘30'60'5 — wla'g))\
(0305 — 1P202) A% + 02 A3 e ™A + {—a193A
Jr(?/Jg — 011/14)>\2 + (¢4 - 01(79)>\3 + )\40'9}67)‘72
+{—09t)3 — 03055 — P10407
—(1/120407 + o2y + 030509))\
+(0’40’7 — 0'20'9)/\2}6_>\(71+T2)
(155)

We define for simplicity the following parameters:

Oy = —0191;03 = 1 —0192; 04 = Yo+ 01505 = —1 (156)

Ay = 030605 — Y102; Ag = 0305 — Pa09; A3 = 02 (157)

By = —01Y3; By = 13 — 0194

158

Bs =14 —0109; By = 09 (158)

Co = —021h3 — 030595 — 10407 (159)
Cy = — (V20407 + 0294 + 030509)

Uy = 0407 — 0209 (160)
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Ti Tis 5 3
det : : =Y ON 4+ [X ApAFle
Tsi Tss ) =
4 2
Jr[ Z ]316)\16]67/\T2 + [Z Ok/\k]efA(T“LTz)
k=1 k=0
(161)
5 3
D(7—177—2) = Z @l)\l + [Z Ak)\k]e_/\ﬁ
4 =2 2k:l (162)
+[3° BeAFle A2 4 [0 CpAkle=Mmtm2)
k=1 k=0
Three cases:
(A =7;172=0B)11 =02 =7
C)n=m=r1 (163)

IV. RFID TAG RECEIVER DETECTOR CHARACTERISTIC
EQUATION AND STABILITY SWITCHING 7, = T; 79 = 0

We get and analyze the characteristic equation of RFID TAG
receiver for 7 = 7; 7% = 0.

5 4
> O+ [ Brak]
=2 i=1

2
—AT + [Z Ck)\k]e*”
k=0

T =T;72=0;D(1) =
3 (164)
+[Z Ak)\k]e

k=1

5
Z @l)\l +

=2

4
D(ri=7;72=0) = [3° BpAk]
k=1

3 2
[0 ApAFe AT + 30 CpAfle™
k=1 k=0

\ (165)
D(ry =7;72=0) =B A+ > (6, + B\
=2

2
[Co+ Y (A; + C)AN + Az3le™
=1

D\ T) = Py(\7) + Quu(\, T)e™
n,m &€ Ng;n >m

+O5\° +
(166)

P,(A\,7) =BiA+ 24) (01 + By A!
N5
Qm\, 1) =[Co+ 22: (A} + O
+A3N3;m =3 -

(167)

Pa(A,T) = Z Pi(7) \F
+ Py(T ))\2+P3( ) A%+
Q,,(A\,71)= Z 45 (7) )\k =qo(7) + @1 (T)A
+ (1) N2+

= Po(1) + Pi(T)A

(168)

D\ T) = Py(\,7) + Quu(A\, T)e™ ™

n=5m=3n>m (169)

+&U Uv+ﬂmﬂ+&mﬁ
FPy=0;P, =By; P, =03+ By; P = 03 + B3 a71)
P, =04+ By; Ps = O5
QA1) = X G(T)N = 4o(7)
M0 2 3 (172)
+q1(7')/\—|—q2(7')/\ +Q3(7‘)/\ ; QQ(T) =C

01 (7) = A1+ C1; ©(1) = Az + Ca; q3(7) = A3

The homogeneous system for X, Y, I, Ig;, Iry leads to a
characteristic equation for the eigenvalue A\ having the form

PAT)+Q(\,T)eM =0
S Y (173)
P()\) = Z aj)\J;Q()\) = Z Cj)\]
7=0

j=0
The coefficients {a;(qi,qx, ), ¢j(gi,qr,7)} € R depend on
qi, qr and delay 7. g;, qr are any Schottky detector’s global
parameters, other parameters kept as a constant.

ap =0;a; = Bij;as = O3 +Bojaz3 =03+ Bs  (174)

as = 04+ By;as = O5; (1) = Cp
Cl(T) = Al —+ Cl; CQ(T) = A2 + 02; 03(7') = A3

Unless strictly necessary, the designation of the varied
arguments (g;, qx) will subsequently be omitted from P, @,
aj, and c;. The coefficients a;, c; are continuous, and
differentiable functions of their arguments, and direct
substitution shows that ag+cy#0 for ¢;, gr € R4 ; that is, A=0
is not of P(\) + Q(A)e™*" = 0 [7] [8]. Furthermore, P()\),
Q(A) are analytic functions of A, for which the following
requirements of the analysis (Kuang J and Cong Y 2005 ;
Kuang Y 1993) can also be verified in the present case:

(175)

(a) If A =4w,w € R, then P(iw) + Q(iw) # 0

(b) If |Q(A\)/P(X)] is bounded for |A| — oo; ReA > 0. No
roots bifurcation from oc.

(¢) F(w) = |P(iw)|> — |Q(iw)|* has a finite number of
zeros. Indeed, this is a polynomial in w.

(d) Each positive root w(g;, i) of F(w)=0 is continuous and
differentiable with respect to q;, q.

We assume that P, (), 7) and Q,,, (), 7) cannot have
common imaginary roots. That is for any real number w

Py(\ = iw, 7) + Qum(\ = iw, 7) £ 0 (176)
4
Pn(A =iw,7) = Briw + Y (6; + By) (iw)"
, =2 (177)
+05(iw)® = iwB;1 + Y (0, + B))ilw! + iO5w®

=2
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4

Z (@l —+ Bl)ilwl = —(@2 + Bg)wz
=2

—|—(®2 + Bg)w4 — (@2 + Bg)w?’i

pn()\ = 7;0.),’7') = —(92 + Bg)w2 + (@2 + BQ)OJ4
+ilwBy — (02 4+ Ba)w? + O5w”]
Qm\ =iw, 1) = Cy

2
+ 3 (A + ) (iw) — iAgw?
=1

(A + C)(iw)" = iw(Ay + Cy)
7(A2 + CQ)LU2

NS

N
Il
-

Qm(\ =iw,7) = Cy — (A + Co)w?
+i[w(A1 + Cl) — A3w3}

DA =iw, 7) + Qu(\ = iw, T)
=Cy— (@2 + Bg)w2 — (A2 + OQ)CL)Q
+(@2 —+ Bg)w4 —+ i[UJBl —+ W(Al —+ Cl)
—(@2 + Bg)w3 — A3w3 + @5&)5} 75 0

Prn(A=iw,7) + Qm(\ = iw, T)
=Cp— (@2 +Bs + Ay + CQ)W2
+(@2 + BQ)OJ4 + Z[W(Al + Cl + Bl)
—(©2 + By 4 Az)w® + O5w°] # 0

|P(iw, 7)]* = [-(O2 + B2)w? + (02 4 Ba)w']?

+[WB1 — (@2 + Bg)w3 + @5&)5}2 = (@2 + B2)2w

+(O2 + B2)?w® — 2(03 4+ B2)?w® + w?B?
—B1<@2 + Bz)w4 + B1®5w6 — (@2 + B2)B1w4
+(@2 + B2)2w6 — (@2 + B2)65w8 + @5B1w6
—@5(@2 + Bz)wg + @%wlo

|P(iw, 7)|> = w?B}

+[(@2 + Bg) — 2B1](@2 + B2)(JJ4
+[2B1®5 — (@2 + Bg)Q}ofi + [(@2 + B2>
—2@5}(@2 + Bg)wg + @gwlo

Qi T)[2 = [Co — (Ag + Co)?)?

+[w(A1 + Cl) — A3w3]2 = Cg + (AQ + 02)2w4
—2C (A + Co)w? + w?(Ay + C1)? 4+ A3wS
—2(A1 + Cl)A3w4

Q(iw, 7)[> = CF + [(A1 + C1)?
—20()(A2 + CQ)]&)Q + [(AQ + 02)2
—2(A1 + Cl)Ag]w4 + A%wﬁ

Fleo,7) = | Plio, 72 — Q(ito, )2 = B3
+[(@2 +Bsy) — 2B1](@2 + Bg)w4

+[2B1®5 — (@2 + BQ)Q}Q)(; + [(@2 + B2>
—2@5}(@2 + Bg)wg + @gwlo

—{Cg + [(Al + 01)2 - QCO(AQ + 02)]w2
F(Ag + C)2 — 2(A1 + C1)As]w? + A2wS)

(178)

(179)

(180)

(181)

(182)

(183)

4

(184)

(185)

(186)

(187)

(188)

F(w, 1) = |P(iw,7)|* = |Q(iw, 7)]* = —=C§
+{B% — [(Al + 01)2 — 2CO(A2 + CQ)]}OJ2
+{[(©2 + Bz) — 2B1](02 + B) — [(As + C»)?

189
—2(A1 + Cl)A3]}w4 + {[2B1@5 — (@2 + Bg)z] ( )
ng}wG =+ [(@2 + BQ) — 2@5](@2 + Bg)ws
+032w!0
We define the following parameters for simplicity:
I, o, 14, ITg, g, TTho.
Iy = —C§; 1y = B — [(A1 + C1)?
—ZCO(AQ =+ 02)}
II; = [(©2 + B2) — 2B1](©2 + By) (190)

—[(A2 + C2)? — 2(A1 + C1)Ay]
HG = [2B165 — (@2 + B2)2] — A%
Iy = [(92 + Bz) - 2@5](@2 + BQ); I, = @g
5
Hence F(w,7) = 0 implies Y [],,w?* = 0 and its roots

=0
are given by solving the above polynomial.

PR(iw, T) = —(@2 + BQ)LUQ + (@2 + Bg)w4 (191)
P[(iw, T) = wBl — (@2 + BQ)OJS + @5(4]5 (192)
QR(iw, T) =Cp— (A2 + CQ)UJQ

Qr(iw, ) = w(A; + Cy) — Azw?® (193)

_PR(iwa T)QI (iwa T) + Py (iw7 T)QR(iwa T)

sinf(7) = -
7 QG 7IP
(194)
cos () = _ Pr(iw, 7)QR(iw, T)' + PIQ(ZW, 7)Qr(iw, T)
|Q(iw, 7)]
(195)
We use different parameters terminology from our last
characteristics parameters definition:
k— .77pk(7—) — aj; Qk(T) — Cj (196)
n=5565m=3n>m
Po(A 1) = P(A); @m(A, ) = Q(A) (197)
5 ' 3 _
PO =Y "a;N;Q0\) =Y ;N (198)
j=0 j=0
P\ = a0+a1)\+a2)\2 +a3)\3 +a4)\4+a5)\5 (199)

Qx = co+ A+ ca\? +c3\3

n,m € No,n >m and aj,c; : R o — R are continuous and
differentiable function of 7 such that ag + ¢y # 0. In the
following ”—" denotes complex and conjugate. P(\), Q(X)
are analytic functions in A and differentiable in 7. The
coefficients a;(Lp,L1,Cy, Rin, Rs,Cp, R;,T,...) € R and
¢;(Lp,L1,Cy, Rin,Rs,Cp, Rj,T,...) € R depend on RFID
TAG detector system’s Lp, Lq,Cy, Rin, Rs,Cp, Rj, T, ...
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values. Unless strictly necessary, the designation of the
varied arguments: (Lp, L1,C¢, Rin, Rs,Cp, R;,7,...) will
subsequently be omitted from P, @, a;, c;. The coefficients
aj, ¢; are continuous, and differentiable functions of their
arguments, and direct substitution shows that ag + cg # 0.

ap = 0;¢c0(7) = co (200)

Co = —o21P3 — 03055 — Y10407 (201)
—02t3 — 03055 — V10407 # 0 (202)
-5 — ol — oA e + o s (203)

~hg e, 70
VLp,L1,C¢, Rin, Rs,Cp, Rj,7,... € Ry ie A=0isnot a
root of the characteristic equation. Furthermore P(\), Q(X)
are analytic functions of A for which the following
requirements of the analysis (see Kuang, 1993, section 3.4)
can also be verified in the present case [6] [7].

(@) If A =iw;w € R then P(iw) + Q(iw) # 0, i.e P and Q
have no common imaginary roots. This condition was
verified numerically in the entire

(Lp,L1,C¢, Ry, Rs,Cp, R;j,7,...) domain of interest.

(b) |P(N\)/Q(N)] is bounded for |A| — oo; ReA > 0. No
roots bifurcation from oo. Indeed, in the limit:

Q) co + 1A+ o + 33

= 204

|P()\)| |a0+a1)\+a2)\2+a3)\3 +a4)\4+a5/\5| ( )
(c) The following expressions exist:

F(w) = |P(iw)]* - |Q(iw)/* (205)

5
Fw,7) = |P(iw, 7)|* = |Q(iw, 7)[* = Y Tapw®™  (206)
k=0

Has at most a finite number of zeros. Indeed, this is a
polynomial in w(Degree in w!?).

(d) Each positive root w(Lp, L1,Cy, Rin, Rs,Cp, R;,T, ...)
of F(w) = 0 is continuous and differentiable with respect to
Lp,L,,Cf,Rin, Rs,Cp, Rj,7,.... The condition can only
be assessed numerically.

In addition, since the coefficients in P and () are real, we
have P(—iw) = P(iw), and Q(—iw) = Q(iw) thus, w >0
maybe on eigenvalue of characteristic equations. The
analysis consists in identifying the roots of the characteristic
equation situated on the imaginary axis of the complex A —
plane, whereby increasing the parameters:

Lp,L1,Cf,Rin, Rs,Cp, Rj,T,... Re A may, at the crossing,
change its sign from (-) to (+), i.e. from a stable focus

0 0 0
EO(X©,y©, 1 10 1)
|V(t)|A0>>‘f(t):A0+f(t)zA0 = (0,0,0,070>

dV (t df (t
72 g1y = L —e

(207)

to an unstable one, or vice versa. This feature may be further
assessed by examining the sign of the partial derivatives with
respect to Lp, L1,C¢, Rin, Rs,Cp, Rj, 7, ... and system
parameters.

/\71([/13) — (6Re}\))\:iw

oL )
Ll,Cf,Rin,RS,Fép,Rj,T,... = const (208)
-1 __ (OReA X
A (Ll) == ( oL, )A:zw B (209)
Lp,C¢, Rin, Rs,Cp, R, T,... = const
AN O = OReA v
Lp,L1,Rin,Rs,Cp, R, 7,... = const
/\—1(Rin) = (g%ﬁ:)k:iw (211)
Lp,L1,Cs,Rs,Cp, Ry, T,... = const
—1 X _ (OReA .
A (Rlﬁ) (BRM )A_Zw B (212)
Lp,11,C¢,Rs,Cp, R, T,... = const
-1 __ (OReA .
A (Rs) - ( OR. ))\:zw B (213)
LP7L17 Cf7Rin7 CP7 RjaTa ... = const
-1 __ (OReX .
A (CP) = ( 9C ))\:zw B (214)
LPthCvaianszjaTa ... = const
-1 1\ — (OReA .
A (R]) = ( OR; )A:zw (215)
Lp,L1,Cy, Rin, Rs,Cp, T,... = const
—1 __ (OReX .
A (7') = ( 6RJ )A:zw (216)
Lp,Ll,Cf,Rin,Rs,Rj,Cp, ... =const
P(V) = P()) +iPr(); Q) = Qu(N) +iQ:(\) @17)

When writing and inserting A = iw into active RFID
Schottky detector system’s characteristic equation w must
satisfy the following equations.

—Pr(iw)Q(iw) + Pr(iw)Qr(iw)
|Q(iw)|?

sinwt = g(w) =

(218)

PR(iw)QR(iw) + P](iw)Q](iw)
|Qiw)l?

Where |Q(iw)|? # 0 in view of requirement (a) above, and
(g9, h) € R. Furthermore, it follows above sinw and cos wT
equations that, by squaring and adding the sides, w must be
a positive root of F(w) = |P(iw)|* — |Q(iw)|? = 0. Note:
F(w) is dependent on 7. Now it is important to notice that if
7 ¢ I (assume that I C R, is the set where w(7) is a
positive root of F'(w) and for, 7 ¢ I , w(7) is not defined.
Then for all 7 in I, w(7) is satisfied that F'(w,7) = 0. Then
there are no positive w(7) solutions for F'(w,7) = 0, and we
cannot have stability switches. For 7 € I where w(7) is a
positive solution of F'(w,7) = 0, we can define the angle

coswT = h(w) = —

(219)

0(t) € [0, 2] as the solution of sinf(7) = ...; cos () = ...
. — Pr(iw) Q1 (i) + Py (iw)Qnli
Sin 9(7) = R(ZW) I(|g()iw)|21 (ZW) R(ZW) (220)
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PR(iw)QR(iw) + P[(iw)QI (zw)
|Q(iw)[?

And the relation between the argument (7) and 7w(7) for

7 € I must be as describe below.

cosf(r) = — (221)

w(T)T=0(1)+2n7 ¥V n € Ny (222)
Hence we can define the maps 7,, : I — R4( given by
0 2
)y = D2 NoreT (223)
w(7)
Let us introduce the functions:
I R;S,(1)=7—1(1), T€I, nE N (224)

that is continuous and differentiable in 7. In the following,
the subscripts A\,w, Lp, L1,Cy, Rin, Rs,Cp, R;, ... indicate
the corresponding partial derivatives. Let us first concentrate
on A(z), remember in A(Lp, L1,Cy, R;n, Rs,Cp, Ry, ...)
and w(Lp,L1,Cf, Rin, Rs,Cp, Rj,...), and keeping all
parameters except one (x) and 7. The derivation closely
follows that in reference [BK]. Differentiating RFID TAG
detector system characteristic equation

P(A\) +Q(MN)e™" = 0 with respect to specific parameter
(x), and inverting the derivative, for convenience, one
calculates: * = Lp, L1,Cy, Rin, Rg,Cp, R;,

—P,\(( ) )) ((>\ ,2) + Qa(\, ) P(\, 1)
oN ., —TP(A,
T N WS ToTs WS B RO WS VWS R

Where P, = ‘Z—I/\D, .. etc., substituting A =

iw and bearing

P(—iw) = P(iw); Qi) = Q(iw)  (226)
iPy\(iw) = P, (iw); iQx(iw) = Qu(iw) (227)
and that on the surface |P(iw)|? = |Q(iw)|? , one obtains:
(22) M aziw
1P, (iw, ) P(iw, x) (228)
— +iQx (iw, 2)Q(\, ) — 7| P(iw, x)|? )
- P, (iw,z) P(iw,z) — Q (iw,z) Q(iw,z)
Upon separating into real and imaginary parts, with
P =Pr+iP;;Q=Qr+1Q; (229)
P, = Prow+1iP1y; Quw = Qrov + Q14

When () can be any RFID Schottky detector parameter’s
Lp,L1,Cf, Riy, ... and time delay 7 etc. Where for
convenience, we have dropped the arguments (iw, ), and
where

F,, = 2[(PprwPr + Pr,Pr) — (QroQr + QruQr)] (232)
Fy, = 2[(PraPr + ProPr) — (QrQr + Q12Qr)]  (233)
Wy = *FT/Fw. We define U and V:
U = (PrPry — PrPry) — (QrQ1w — QrQrw) (234)
V = (PrPrz — PrPrs) — (QrQr: — QrQRz)

We choose our specific parameter as time delay z = 7.

Qr = w(A; + Cy) — Azw® (235)
Pr = —(02 + Ba)w? + (02 + Ba)w?
Pr=wB; — (@2 + Bg)w3 + @5w5 (236)
Qr=Co— (Ay + Cy)w?
PRw = 4(@2 + BQ)WB - 2(@2 + Bg)w (237)
= 2(@2 + BQ)UJ(ZUJ2 — 1)
PIw = B1 — 3(@2 + BQ)CUQ + 5@5&)4
Qrow = —2(A2 + Co)w (238)
Qro = (A1 + C1) — 3A3w?
Pgr, :O;PIT :O;QRT =0
QIT:O;WT:_FT/FUJ (239)
PRwPR = 2(@2 + BQ)OJ(2(U2 — 1)[(@2 + Bg)w4
—(@2 + BQ)UJQ} = 2(@2 + Bg)w(2w2 — 1)(@2 (240)
+B2) [w2 — 1] = 2(@2 + B2)2w3(2w2
—1)[w? —1]
Pr,Pr = 2(03 + B2)%w3(2w? — 1)[w? — 1] (241
QrwQr = —2(Az 4+ C2)w[Co — (A + Co)w?]
Fr :2[(PRTPR+PITPI)
—(Qr-Qr + QITQI)] =0
PrPro = (02 + Ba)w?(w? — 1)[B, (242)
_3(92 + BZ)UJ + 5@rw ]
PrPr,, = 2w*[By — (02 + Ba)w? (243)
+05w] (02 + Ba)(2w? — 1)
QrQrw = [Co — (A + Co)w?][(Ay
+C1) — 3A3w?] (244)

QiQRw = —QOJQ[(Al +Ch) — A3w2](A2 + Cs)

V = (PrPr; — PrPr;) — (QrQ1r — QrQrr) =0 (245)

F(w, ) = 0. Differentiating with respect to 7 and we get

F, 22 +F =0rel= % =I5
‘iaT o w or Fo (246)
AT ) = (B )reivi B = wr = — 2
_ . —2[U+7|P|?]|+iF,
A7) = Re{ Fmaart ) (247)
sign{A~(7)} = mgn{(aRE)‘))\ iw)
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+ %y D
—r — 248
TZE +w+ aTT} (248)
We shall presently examine the possibility of stability
transitions (bifurcations) RFID TAG detector system, about

the equilibrium point E©) (X©,y©, (. 11(;1 I,

E© (X(O),Y(O),Ig)l),lg),lg) =(0,0,0,0,0) as a result of
a variation of delay parameter 7. The analysis consists in
identifying the roots of our system characteristic equation
situated on the imaginary axis of the complex A-plane Where
by increasing the delay parameter 7, Re A may at the
crossing, changes its sign from - to +, i.e. from a stable
focus E(*) to an unstable one, or vice versa. This feature
may be further assessed by examining the sign of the partial
derivatives with respect to 7.

sign[A ™1 (7)] = sign{ F,, }sign{

OReA i
ot A=iw

A7) = ( (249)

—1 _ (OReA .
ATHT) = (%7 ) r=iw (250)
Lp,L1,Cy,Rin, Rs,Cp, Rj, ... = const;w € Ry

U = (PrPro — P1Pr,) — (QrQ1w — QrQrw)  (251)

U = (PrProw — PrPry) — (QrQ1w — QrQRw)

= (02 + Ba)w?(w? — 1)[B; — 3(02 + By)w? + 505w?]

—2w2[B1 — (@2 + BQ)&)Q + @56«)4}(@2 + Bg)(2w2 - 1)

=[Co — (A2 + C2)w?][(A1 + C1) — 3A3w7]

—2w2[(A1 + Cl) - A3w2](A2 + 02)

(252)

The single diode detector, Ry, is the video load resistance
which not seen in RFID TAG receiver detector equivalent
circuit. L1, the shunt inductance, provides a current return
path for the diode, and is chosen to be large compared to
diode impedance at the input or RF frequency. C, the
bypass capacitance, is chosen to be sufficiently large that is
capacitive reactance is small compared to the diode
impedance, but small enough to avoid having it resistance
load the video circuit. F;, is the RF input power applied to
the detector circuit and Vj is the output voltage appearing
across Rp. Lp is packaged parasitic inductance (Schottky
linear equivalent circuit). C'p is package parasitic
capacitance. Rg is the diode’s parasitic series resistance. C;
is junction parasitic capacitance, and R; is the diode’s
junction resistance. Lp, Cp, and Ry, are constants. Rg has
some small variation with temperature, but that variation is
not a significant parameter in this analysis. C; is a function
of both temperature and DC bias, but this analysis concerns
itself with the zero bias detectors and the variation with
temperature is not significant. ?; is a key element in
equivalent circuit — its behaviour clearly will affect the
performance of the detector circuit. For our stability
switching analysis, we choose typical Schottky detector
parameter values: Lp=2 nH, Rg=1.5 ohm, C'p=0.08 pF,
C;=0.2 pF, R;=500 ohm, R;=100 Kohm, R;,=1 kohm,
L1=1 IIIH, Cl=1 uF.

o1 = —5x 10 09 = —6.2492 x 10%!

o3 =5x 1004 = 6.25 x 10%! (253)
o5 = —10%; 06 = 1010
o7 = 8.33 x 10'2; 03 = 3.33 x 10'2
o9 = —1.155 x 103;¢p; = —10'6 (254)
Py = —1.0001 x 1010
Y3 = —8.22 x 10%%; 1, = —8.2212 x 10*2
s = —8.22 x 10?2, 04 = —5 x 10%7 (255)
O3 = —5.0005 x 102!
O4=-51x10":05=—-1
Ay = —6.2497 x 1037; Ay = —6.2498 x 103! (256)
Ag = —6.2492 x 102!
B, = —4.11 x 10%0; B, = —4.1106 x 1034 257)
Bs = —5.8572 x 10%4; By = —1.155 x 1013
Co = 6.8997 x 108; C; = 6.9178 x 10%2 (258)
Cy = —2.0116 x 103%; Iy = —4.7606 x 10°7
II, = —4.8132 x 10%%; 11, = —3.3789 x 107
IIg = —1.6897 x 10%9; Iy = 1.6897 x 1099 (259)

Then we get the expression for F(w,7) Schottky diode
detector parameter values. We find those w, 7 values which
fulfill F(w,7) = 0. We ignore negative, complex, and
imaginary values of w for specific 7 values. 7 € [0.001...10],
we can be express by 3D function F'(w,7) = 0. We plot the
stability switch diagram based on different delay values of
our Schottky diode detector.

A7) = (%2 )i

_ —2[U+r|P|?|+iF.,, (260)
= Re{ Fatraiper

A7) = (%52 ) a=i

_ 2{FN(V+wPaz)7FT(U+TP2)} (261)

F24+4(V+wP?)?

The stability switch occurs only on those delay values (7)
which fit the equation: 7 = Z:((:)) and 6, (7) is the solution
of sinf(r) = ...;cos0(7) = ... when w = w, (7) if only wy
is feasible. Additionally, when all Schottky diode detectors’
parameters are known and the stability switch due to various
time delay values 7 is described in the following expression:

sign{A~!(7)} = sign{F,, (w(7), 7) }sign{rw. (w(7))
U(w(m))wr(w(T)+V(w(T
uo(r) + Ll (V) )

(262)
Remark: we know F'(w,7) = 0 implies its roots w;(7) and
finding those delays values 7 which w; is feasible. There are
7 values which give complex w; or imaginary number, then
unable to analyse stability [4] [5]. F function is independent
on 7 the parameter F(w,7) = 0.

The results: We find those w, 7 values which fulfill
F(w,7) = 0. We ignore negative, complex, and imaginary
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values of w. We define new MATLAB script parameters:
Tor— Gag(k=0...5). Running a MATLAB script to find w
values, gives the following results:

F(w) =0 = w; = 1.0e + 0345wy = 0 + 4.1106i

w3 = 0— 411061,&)4, W11 = 0 (263)
Next is to find those w, 7 values which fulfil sinf(7) = ...;
—P, P
sin(wr) = W; cosf(r) = ... (264)
P, + P,
cos(wr) = _(RQT’QPIQI); Q2 =Q%+Q> (265)
Finally, we plot the stability switch diagram
_ OReA
9(r) = A7) = (i (266)
T
9(1) = A7) = (%52 ) r—iw
_ 2{F,(V+wP?)-F, ((Jd+TP2)} (267)
- F2+4+4(V+wP?)?
sign[g(7)] = sign[A~"(7)] = sign[(%52) =i
i 1 2{Fu(V+wP?) —F (U+7P?)} (268)
= sign| Fr2+4(V+wP?)? ]
F2 4+ 4V 4+wP?)?>0 (269)

sign[A =1 (7)] = sign{ F,,(V + wP?) — F.(U + 7P?)} (270)
sign[A=1(7)] = sign{[FL][(V + wP?)
— (U +7P)]} @71)
o = = fere = (50)° =~

sign[A™1(7)] = sign{[F,][V +w,U +wP?+w,7P?]} (272)
V+wU

sign[A_l( )] = 51gn{[ HP2H P2

+w+w,7]} (273)

sign[3z] > 0 = sign[A~!(7)]

—sign{ [Pl b w ) GV
sign[A71(7)] = sign[Fw]sign[V'H"T +w+ w,T]
F, = 2[(PrwPr + Pr,Pr) (275)

—(QrwQr + Qr.Qr)]

We check the sign of A=1(7) according the following rule:

sign[F,] [ sign[Y5 Y +w +w,7] | sign[A1(7)]
+/- +- +
+/- -/+ i

Table 3. RFID TAG receiver detector system sign of A~ (7)

If sign[A~!(7)] > O then the crossing proceeds from (-) to
(+) respectively (stable to unstable). If sign[A~1(7)] < 0
then the crossing proceeds from (+) to (-) respectively
(unstable to stable). Anyway the stability switching can
occur only for w = 1.0e + 034 or w=0.

V. CONCLUSION

RFID TAGs detector circuit is characterized by delay
elements in time which can influence RFID TAGs detector
stability in time. There are two main RFID TAGs detector
variables which are affected by Schottky parasitic in time,
current flows through Schottky diode’s package parasitic
inductance (L) and the current flows through Schottky
diode’s parasitic resistance (Rs). The two time delays (71,
T9) are not the same but can be categorized to some
subcases due to delay elements in time. The first case is
when there is RFID TAGs detector Schottky diode’s package
parasitic inductance’s current delay in time but no delay on
Schottky diode’s parasitic resistance’s current delay in time.
The second case is when there is no RFID TAGs detector
Schottky diode’s package parasitic inductance’s current delay
in time but there is a delay in time on Schottky diode’s
parasitic resistance’s current. The third case is when both
RFID TAGs detector Schottky diode’s package parasitic
inductance’s current delay in time and a delay in time on
Schottky diode’s parasitic resistance’s current exist. For
simplicity of our analysis we consider in the third case two
delays are the same (there is a difference but it is neglected
in our analysis). In each case we derive the related
characteristic equation. The characteristic equation is
dependent on RFID TAGs detector overall parameters and
delay elements in time. Upon mathematics manipulation and
[BK] theorems and definitions we derive the expression
which gives us clear picture on RFID TAGs detector stability
map. The stability map gives all possible options for stability
segments, each segment belong to different time delay values
segment. RFID TAGs detector stability analysis can be
influence either by RFID TAGs detector overall parameters
values. We left this analysis and do not discuss it in the
current article.

VI. APPENDIX A
A. Appendix Ay (Lemma 1.1)

Assume that w(7) is a positive and real root of F(w,7) =0
and defined for 7 € I, which is continuous and
differentiable. Assume further that if A = tw;w € R, then
P, (iw,T) + Qn(iw,7) # 0,7 € R hold true. Then the
functions S,,(7),n € Ny, are continuous and differentiable
on I.

B. Appendix Ay (Theorem 1.2)

Assume that w(7) is a positive real root of F(w,7) =0
defined for 7 € I, I C R, and at some 7* € I,

Sp(7*) = 0. For some n € Ny then a pair of simple
conjugate pure imaginary roots A\ (7*) = iw(7*) and
A_(7") = —iw(T*) of D(A,7) =0 exist at 7 = 7* which
crosses the imaginary axis from left to right if §(7*) > 0 and
cross the imaginary axis from right to left if §(7*) < 0
where

5(7 ) = SlgIl{ dRe)\ |>\ iw( T*)} -

sign{F(w(r)7")}sign{ 20| _ .y 7O
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The theorem becomes

dRe

sign{ €= [ xziw+ }
277
— dgn{ AV )sign{ 40y @D

C. Appendix Az (Theorem 1.3)

The characteristic equation has a pair of simple and
conjugate pure imaginary roots A = +w(7*),w(7*) real at
T e Iif S, (%) =7 — 7,(7*) = 0 for some n € Ny. If
w(T*) = w4 (1), this pair of simple conjugate pure
imaginary roots crosses the imaginary axis from left to right
if 04(7*) > 0 and crosses the imaginary axis from right to
left if 64 (7*) < O where

5+( *) ;SSIgn{dReAb\ zw+(7’*)}
— sign{ %550, )

If w(7*) = w_(7"), this pair of simple conjugate pure
imaginary roots cross the imaginary axis from left to right if
d_(7*) > 0 and crosses the imaginary axis from right to left
If 6_(7*) < 0 where

6_(7*) = sign{ 4BeA

= _Slgn{ dS (T) ‘T:‘r*}
If wi(7*) =w_(7") = w(T*) then A(7*) =0 and
sign{4BeX|, . (--)} = 0 and the same is true when

Sn(7*) = 0. The following result can be useful in
identifying values of 7 where stability switches happened.

(278)

9} (279)

D. Appendix A, (Theorem 1.4)

Assume that for all 7 € I, w(7) is defined as a solution of
F(w, ) =0 then 01 (7) = sign{+AY?(7)}signD (7).
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